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Summary

This thesis describes a new method to obtain a series and a moving average
representation of a given Gaussian random process. The representations are
presented for the classes of stationary processes and processes with stationary
increments. The same method is also applied to Gaussian isotropic random
fields. In case of the series expansion we provide the rates of convergence which
are used to obtain some small deviation results.

This research was motivated by the single important example of fractional
Brownian motion (fBm). It is a Gaussian process with stationary increments
that has a numerous applications in such areas as telecommunication networks,
queuing theory, mathematical finance, a many more. In general, fractional
Brownian motion is neither a Markov process nor a semimartingale therefore
many classical methods cannot be used and the analysis of this process is rather
complicated. This is the reason why representations of fBm in terms of simpler,
better understood processes are very desirable.

To obtain the representations we use the Krein-de Branges theory. From our
perspective, the most significant fact is that there is a 1-1 relationship between
the spectral measure of a given process and a string with certain mass distribu-
tion. We combine this correspondence with the spectral theory of reproducing
kernel Hilbert spaces of entire functions.

We start Chapter 1 by introducing the basic probabilistic notions used in the
text. We provide a short introduction to spectral representations of stationary
Gaussian processes and processes with stationary increments. Then we intro-
duce isotropic random fields and their spectral representation. In this chapter
we present examples that are used to illustrate the general results.

Chapter 2 is entirely devoted to the Krein-de Branges theory and its ap-
plication to our setup. Starting from the basic definitions we recall the key
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result that there is a 1-1 correspondence between symmetric Borrel measure on
the line and a string. Then, we describe the reproducing kernel Hilbert space
associated with the string.

Chapter 3 contains computations of the strings associated with spectral mea-
sures of particular processes such as Brownian motion, Ornstein-Uhlenbeck pro-
cess or fractional Brownian motion.

The main results of this text, namely the representations of processes and
fields, are gathered in Chapter 4. We use the general results from Chapter 2
to obtain series expansion and moving average representation of a given Gaus-
sian process (stationary and with stationary increments) or isotropic random
field (homogenous and with homogenous increments). The strings computed in
Chapter 3 are used to present representations of particular examples.

The rates of convergence of the series expansions are used in Chapter 5 to
determine small ball probabilities for several particular process and types of
norms.


